At the weir crest (x = 0) it was found that the steady-state free surface slope obtained from the unsteady solution of Saint-Venant equation perfectly matched Eq. (2), e.g.
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This result was also included in Fig. 4 of the original paper. Therefore, the validity of the steady state equations (backwater equation, singular point equation) was verified in the original paper, using both general unsteady mathematical solutions, and laboratory observations. To clearly highlight this fact, the computed free surface profile using Eq. (1), obtained from the Runge-Kutta method, is presented in Fig. 1a [see Fig. 5b of the original paper]. The boundary condition at the weir crest section, x = 0, is h(0) = h c = (q 2 /g) 1/3 . The free surface slope at that section is given by Eq. (2). Subcritical and supercritical profiles were computed from x = 0 in the up-and downstream directions, respectively. Fig. 1a reveals that the accuracy of the computation is good. That Saint Venant theory is mathematically valid at the critical depth means that for the weir flow case investigated in the original paper, mathematical solutions are obtained for arbitray values of E min /R.
Consequently, limits to the theory should be set based on experimental observations. This was acomplished in the original paper on the basis of the computation presented in Fig Eq. (2), are in full agreement with the more general solution of Saint Venant equations, and these solutions are verified to be physically good if the curvature is small, e.g. for E min /R < 0.25. . "Minimum Specific Energy and Transcritical Flow in Unsteady Open-Channel Flow. Closure" Journal of Irrigation and Drainage Engineering, ASCE, Vol. 142, No. 10, Paper 07016015, 7 pages (DOI: 10.1061/(ASCE)IR.1943-4774.0001076 ) ; ISSN: 1943-4774 [online] ).
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It means that based on Eq.(5) smooth mathematical solutions for transcritical flow over a weir are obtained (Fig. 1a) . Equation (1) is consistent with the formation of steady singular points, asymptotically, during an unsteady flow computation based on the Saint Venant equations
Here U is the vector of conserved variables, F is the flux vector and S the source term vector, given by 2 2 0 ; ;
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where U is the depth-averaged velocity. Results in Figs. 3 and 4 of the original paper indicated that both results almost perfectly match, thereby indicating that the unsteady flow over a weir produces a singular point asymptotically in the crest section as the steady state is approached.
• The Discussers used the terminology "Singular Point Theory", which is not adequate. There is not such a theory. What is under debate is the "Singular point Method", as correctly named by the Authors in the original paper and by Chow (1959, pages 237-242) , among others. The singular point method is a mathematical technique used to solve indeterminations in ordinary differential equations. Therefore, it is a mathematical method that can be applied to different theories. It is a very common tool in applied mathematics (see e.g. von Kármán 1940) used to model dynamic systems in physics and engineering.
• The normal depth concept is not used in the original paper, given that flow over a weir crest can be considered a potential flow, as verified experimentally (Montes 1998 ).
• Broad-crested weirs are not considered in the original paper, contrary to what the Discussers suggested. We considered flow over a weir crest, where z b (x), dz b (x)/dx and d 2 z b (x)/dx 2 are smooth and continous.
• In their experimental setup, the Discussers found various singular points. To determine the actual flow profile, sub-and supercritical profiles are computed from each singular point. Between each pair of singular points, a supercritical flow profile computed from the singular point upstream, must be ensembled with a subcritical flow profile computed from the singular point downstream, studying the formation of a hydraulic jump. If a jump is formed, both singular points acts as controls. If a jump is not formed, only one singular point will be an active control section, and the profile betwen the two singular points will be fully subcritical or supercritical. We recall that a characteristic feature of a singular point is the possibility of transcritical flow profiles across them, when it acts as a control, and the variety of profile in its vicinity, not crossing it.
The number of possible cases is long, and there is no space for a detailed description in this closure paper.
We advice the Discussers to consult the work of Iwasa (1958) . 
CASTRO-ORGAZ, O., and CHANSON, H. (2016). "Minimum Specific Energy and Transcritical Flow in Unsteady
Let us define the function of (x, h) space
Any point of the (x, h) space that produces the following identity
is by definition a solution of the ODE given by Eq. (8). Now, let us consider a point x = x o where dz b (x)/dx = 0. Solutions of the ODE at this point must verify, therefore, the identity
Based on Eq. (11), the following solutions (S 1 , S 2 , S 3 ) are possible at
The 3 solutions given in Eqs. (12) 
There is nothing assumed to get Eq. (13), just a differential of Eq. (8) 
Based on the mathematical results in Eqs. (14): The present development is a generalization of a mathematical development by Henderson (1966, pages 40-42 
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• Shock capturing finite volume solutions using the Godunov upwind method assisted by robust Riemann solvers, as used in the original paper, yields accurate solutions of shallow-water flows (Toro 2002) . The integral form of Eq. (6) over a control volume is (Toro 2002) 
where Ω is the control volume, A the cell boundary area and n the outward unit vector normal to A. Equation (15) was solved in the original paper using a high-resolution finite volume scheme, where details of the numerical scheme are extensively described. An important aspect that should be clearly understood is that that the integral Eq. (15) is able to describe both continous and discontinous solutions for U(x, t), without any specific treatment as the flow crosses the critical depth. In the weir flow simulations presented in the original paper, the smooth solution at the weir crest was a mathematical result, found to be in perfect agreement with the singular point method applied to Eq. . Therefore, the displacement of the critical point due to friction is seen to be small, and the main effect is confined to the shape of the front.
Resort to Boussinesq equations in this case is not needed, therefore. 
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Non-hydrostatic modelling
• The Discussers presented in their Fig. 1 • We resort to the problem of flows from a horizontal to a steep slope. 
where ψ is the stream function. The numerical model developed by Montes (1994) was applied, that is not further described here, therefore. The up-and downstream boundary sections were located at x/h c = ±3.
Twenty streamlines were used to model this flow, and the energy level on the horizontal reach was set to H/h c = 1.5. The 2D computational results displayed in Fig. 4 show that the ideal fluid flow computation in the slope break problem produces good results. The potential flow approximation is shown, therefore, to be an acceptable approximation.
• To avoid the solution of the full 2D problem, as described above, approximate 1D models for potential flow are desirable. Matthew (1991) 
Based on Eqs. (18) and ( . "Minimum Specific Energy and Transcritical Flow in Unsteady Open-Channel Flow. Closure" Journal of Irrigation and Drainage Engineering, ASCE, Vol. 142, No. 10, Paper 07016015, 7 pages (DOI: 10.1061/(ASCE)IR.1943-4774.0001076) (ISSN 0733-9437 [Print]; ISSN: 1943-4774 [online] ).
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• Castro-Orgaz and Hager (2009) analyzed the limits of the singular point theory for a slope break. They applied this method to Eq. (1) for slope breaks involving highly curved flows, and concluded that a model based on Eq. (1) can not be applied where the curvature is strong, e.g. in the vicinity of the slope break. This is in full agreement with the original paper, where it was demonstrated that the singular point method applied to Eq. (1) produces good results where the curvature is weak, e.g., see Fig. 1a . Both works are, therefore, in full agreement.
• Castro-Orgaz (2009) found that, despite Eq. (1) can not be applied at the crest zone, given the highlycurved flow, it is a good approximation in the downstream slope for x/h c > 1. Consider for illustrative purposes flows away from the crest, where streamline curvature effects can be neglected. The flow is gradually-varied, meaning that the variation of h with x is small (an hypothesis confirmed by the experimental results plotted in Fig. 4 ). For these flows, it can be assumned that h x 2 ≈ h xx ≈ 0. Further, on the slope, the bed is flat, resulting z bxx = 0. On this slope, however, the term z bx is finite, and equal to unity in this case. Therefore, despite h x will be small, the product (h x •z bx ) remains finite. Therefore, Eqs. (18) and ( 14 Here ξ is the bottom-fitted coordinate, κ b = κ b (ξ) the curvature of the bottom profile, θ b is the local inclination angle of the bottom profile, z b (ξ) with the horizontal plane, and the distance from the channel bottom to the free surface is N, measured orthogonally outward from the bottom curve. Using the same mathematical development presented with Eqs. (8)- (14), it can be demonstrated that at a weir crest the flow is critical, and Eq. (27) indeterminate. The critical depth is computed setting to zero the denominator of Eq. (27) (Dressler 1978 )
showing again good agreement with observations in Fig. 5a . These results demonstrate that the singular point method is a mathematical technique that can be applied to different theories, and that transcritical flow problems can also be tackled with other approximations different from Boussinesq equations. Equation (27) was alternatively solved in Fig. 5b taking as starting point the experimentally measured water depth upstream of the hump. Computational results of Fig. 5b reveals that a subcritical flow profile along the entire hump is formed, as found by Sivakumaran et al. (1983) . A supercritical flow profile can also be determined.
This solution was forced by the upstream experimental water depth, which is not permitting the flow to pass across the critical depth. Concluding remarks and recommendation . "Minimum Specific Energy and Transcritical Flow in Unsteady Open-Channel Flow. Closure" Journal of Irrigation and Drainage Engineering, ASCE, Vol. 142, No. 10, Paper 07016015, 7 pages (DOI: 10.1061/(ASCE)IR.1943-4774.0001076 ) ; ISSN: 1943-4774 [online] ).
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• The singular point method is a useful tool, to be used when needed. As to which model should be proposed to compute transcritical flows, common sense dictates the path to follow. Saint Venant equations are a good model in most cases, like for the computation of the flood inundation area in river flows. If the computation of bed pressures is the main concern, then resort to Boussinesq equations is needed, e.g., for the determination of cavitation risk in a dam spillway crest. Between these two extremes are intermediate options, like use of Dressler theory.
• Since the pioneering work of Bélanger (1828), a number of scholars added to the general body of knowledge today at our hands in the field of open channel hydraulics. We suggest modellers and researches to keep in mind all these computational tools, including the singular point method, to continue advances in this fascinating field of research.
